We improve the excluded volume hadron resonances gas model (EHRG) to cure the acausal behavior of the sound velocity which is typical of excluded volume models. We achieve this by including temperature (T) and density (µ) dependent hadron masses in the partition function of EHRG. The temperature and density dependent masses of the constituent quarks (u,d,s) and the light mesons are obtained within Nambu-Jona-Lasinio model while for the heavy hadrons we use linear scaling rule in terms of constituent quarks. With this improvement, we observe that the velocity of sound flattens at high temperature unlike old EHRG models where the sound velocity rises very rapidly at high temperatures which is the indication of its super-luminal behavior.
I. INTRODUCTION
The hadron resonance gas model (HRG) is based on the premise that the interacting gas of hadrons and resonances can be approximated by that of ideal gas of hadrons and resonances provided all the resonance states are included in the partition function [1] and the resonance width are small enough so that they can be treated as an elementary particles. In the S-matrix formulation of statistical mechanics this is an exact theorem known as Dashen-Bernstein-Ma theorem [2] and it is the legitimate way to account for the attractive interactions. This is true in the simplest situation, as shown if Ref. [3, 4] , where the authors showed that the thermodynamical quantities for the gas of interacting pions calculated using relativistic virial expansion with an experimental phase shift nearly coincide with that of ideal gas of pions and ρ resonances. But this formulation certainly misses repulsive interactions between hadrons, especially baryons, which are important too while estimating the thermodynamical quantities of hadronic matter. Such repulsive interaction can be accounted in to the model by Van-der-Waals excluded volume approach in the molecular physics. In this formulation the volume in the partition function is substituted by the effective volume obtained by subtracting the volume occupied by the particles in the system due to their finite size. There are two thermodynamically consistent excluded volume formulation of HRG exist in the literature, viz., HRG with constant excluded volume [5] [6] [7] [8] [9] [10] [11] [12] and HRG with excluded volume in the MIT bag picture [13] . Such excluded volume extensions of HRG has been successful in explaining total particle number density at freeze-out [7] . Further, these models has been confronted with the lattice QCD [14] [15] [16] and has been used as practical model to estimate the transport properties of hadronic matter [17] [18] [19] [20] [21] .
Despite its success, excluded volume HRG models are plagued by the acausal behavior of the sound velocity [4] . This acausal behavior is typical of all excluded volume models which is the indicator of the first order liquid-gas phase transition in the model. When the gas approaches the incompressible liquid phase, any disturbance in the system propagate through the medium almost instantaneously, thus violating the principle of causality. Thus, the excluded volume models break down at high temperature and especially at high densities. One possible remedy is to account for the relativistic contraction of the hard spheres in the excluded volume models which is rather technically complicated [22] . Recently, we proposed an improvement in an excluded volume HRG (EHRG) by accounting the temperature (T) and density (µ) dependence of the hadrons [23] . This improvement is technically simple but physically more appealing. We argued that before computing any thermodynamical quantity using HRG model or any of its extension, one needs to account for T and µ dependence of hadrons which is the upshot of the chiral symmetry of quantum chromodynamics (QCD); symmetry which should be respected by any of QCD's effective model. We observed that accounting such T and µ dependence of the hadron masses, the thermodynamics of HRG model is non-trivially altered especially at moderately high temperatures. We further observed the rapid rise of interaction measure as well as entropy density in the improved EHRG as compared to normal EHRG model. Since sound velocity is a derived quantity and as it is intimately related to pressure, energy density and entropy density, non trivial change observed in these quantities would certainly affect the behavior of the sound velocity.
In this work we use improved EHRG model to see the behavior of sound velocity, especially its causal structure. We see that including T and µ dependent hadron masses in EHRG model, sound velocity remains causal at high temperatures. To compute T and µ dependent hadron masses we use linear scaling rule in terms of constituent quarks. The masses of the constituent quarks (u,d,s) and that of light mesons are computed using Nambu-JonaLasinio model at finite T and µ.
We organize the paper as follows. In Sec. II we briefly describe the Nambu-Jona-Lasinio model at finite temperature and baryon density. In Sec. III we describe our improvement in the old excluded volume hadron resonance gas (EHRG model. In Sec. IV we discuss the thermodynamics of hadron gas within ambit of improved EHRG model. Finally we summarize and conclude in Sec. V.
II. SU(3) NAMBU-JONA-LASINIO MODEL (NJL) AT FINITE TEMPERATURE AND BARYON DENSITY
In this section we just recapitulate the NJL model formalism described in Ref. [24] keeping all the notations but the constituent quark mass which we denote by M while we reserve the notation M for the mass of hadrons. For more details, see Refs. [25] [26] [27] . The NJL model with three quark flavors (u,d,s) is described by the Lagrangian density,
Here q=(u,d,s) is the quark triplet,m = (m u , m d , m s ) is the current quark mass matrix which explicitly breaks SU(3) chiral symmetry explicitly. λ a 's are Gell-Mann matrices. The determinant term is chiral invariant but breaks U A (1) symmetry and is the reflection of the axial anomaly in QCD.
Bosonization of Lagragian (1) leads to an effective action given by
Here, σ a and ϕ a are the scalar and pseudo-scalar fields respectively. S ab and P ab are the projection operators defined as
D abc are the SU(3) structure constants for a, b, c = 1, 2, ...8 while, D 0ab = −(1/ √ 6)δ ab and D 000 = 2/3. Variation of the action (2) leads to the constituent quark masses as,
with the cyclic permutation of i, j, k = u, d, s. One can expand the effective action (2) over mesonic fields
Here, D ab is the non-normalized meson propagator. Here we have kept pseudo-scalar mesons only. The polarization operator Π ab is defined as
From the pole structure of [1 − P ij Π ij (P 0 = M, P = 0)] = 0, one can obtain the meson masses. For non-diagonal mesons (pions, kaons) the polarization operator can be written as
Here, the integrals I i 1 and I i,j 2 at T = 0 and µ = 0 are defined as,
where E i,j = p 2 + M 2 i,j and Λ is the O(3) cut-off. At T = 0 and µ = 0, these integrals are non-trivially modified and involve Fermi-Dirac distribution function, f ± = 1 1+e (E±µ)/T . To compute η and η ′ masses, we consider the matrix representation of the operators P ab and Π ab in the basis of π 0 -η-η ′ system,
η and η ′ masses can obtained from the inverse propagators,
with A = P 88 − ∆Π 00 (P ), C = P 00 − ∆Π 88 (P ), B = −(P 08 + ∆Π 08 (P )) and ∆ = P 00 P 88 − P 2 08 . The matrix elements P 33 , P 00 , P 88 and P 08 can be expressed in terms of quark condensates ( q i q i ),
Again at finite temperature and baryon density these expressions involve integrals over Fermi-Dirac distribution function [25, 26] .
III. IMPROVED EXCLUDED VOLUME HADRON RESONANCE GAS MODEL
The fundamental quantity of any statistical model is the partition function. In the hadron resonance gas model, the partition function is just that of an ideal gas summed over all the hadronic species in the system. For the gas of hadrons contained in volume V at temperature T and baryon chemical potential µ, the partition function reads
where, Z M and Z B are the partition functions of mesons and baryons respectively. The hadron properties enter the model through the spectral densities ρ M,B . Since the gas is assumed to be non interacting, the spectral densities are just Dirac delta functions.
Once we know the partition function [Eq. (18)] together with the spectral density [Eq. (19) ], all the thermodynamical quantities can be readily obtained, viz.,
Another important thermodynamic quantity which is the characteristic of the equation of state is the sound velocity C 2 s . This quantity governs the the propagation of the small disturbances through the medium and hence strongly depends on the interactions in the system as well as external parameters like temperature and density. Sound velocity can be defined as
The hadron resonance gas model can further be extended to include the repulsive interactions through the excluded volume corrections. In this section we just describe constant excluded volume HRG. In the thermodynamically consistent constant excluded volume approach, the system volume V is substituted by V−vN in the partition function. Here v is the proper volume parameter for the particle with the hard core radius r h . Thus, the volume available for the hadrons is just the system volume less the total volume occupied by all the hadrons due to their finite spacial extension. With this substitution one can obtains the transcendental equation for pressure as [5] 
where P id is the ideal gas pressure andμ = µ − vP EV (T, µ) is the effective chemical potential. Once the pressure is known all the thermodynamical quantities can be readily obtained. The number density, energy density and entropy density are
The quantity (Γ −1 = 1 + a v a n id a (T,μ)) is the suppression factor typical of any excluded volume model and is always less than one. Thus, any thermodynamical quantity computed within EHRG model is always less than that of non interacting HRG model. For the temperature range in which we are interested, the Boltzmann approximation is rather a good approximation. In this approximation, excluded volume correction merely correspond to an additional factor of exp(−vP EV /T ) multiplying the ideal gas pressure. We improve EHRG model further by including temperature and baryon density dependent hadron masses in the partition function. Since it is rather difficult to obtain T and µ dependent masses of all the hadrons and their resonances except for light mesons, we use the linear scaling rule for mesons and baryons in terms of their constituent quarks [28, 29] . Since hadrons are made of either two or three quarks, we write the scaling rule for hadron masses as
Here, M is the constituent quark mass, N q is the number of light quarks in a given hadron and N s is the measure of strangeness content of the hadron. κ h is the constant depends on the state but not on the current quark masses. We further separate zero temperature and zero density part M (T = 0, µ = 0) in Eq. (25) and absorb κ h in it to get
where M ′ q,s is only medium (T and µ) dependent part of the constituent quark mass. The scaling rule given by Eq. (26) is used for all the hadrons but light mesons. The T and µ dependence of light mesons as well as that of constituent quarks (u,d,s) can obtained in Nambu-Jona-Lasinio (NJL) formalism at finite temperature and density as described in previous section.
IV. RESULTS AND DISCUSSION
We take all the hadrons and their resonances with the mass cut-off Λ = 2 GeV in Eq. (19) to compute the thermodynamical quantities in HRG model. To be more specific, we take all the hadrons with the mass cutoff Λ = 2.252 GeV for baryons and 2.011 for mesons [30] . For the parametrization of NJL model see Ref.
( [25, 31] ). The only remaining unknown parameter in our model is the proper volume parameter v or the hadron hardcore radius r h for that matter. In the constant volume EHRG model, the hardcore radius is fixed and hence v = 4 4 3 πr 3 h . It is customary to use this scheme of parametrization since the value of hard core radius for nucleons can be extracted from the nucleon-nucleon scattering experiment and the same hardcore radius can then be used for all other baryons [32] . Since there is no detailed knowledge about short range interaction between mesons, one can still use same hard core radius for mesons as that of baryons since the meson charge radius is the same as that of baryons. But for our purpose we use parametrization scheme where the proper volume parameter v is proportional to the mass of individual hadron [15] . Thus we choose parametrization scheme v = M h (T, µ)/ε 0 , where ε 0 = 2 GeVfm −3 . Note that in our model, the proper volume parameter v depends on T and µ. We call excluded volume HRG with T and µ dependent hadron masses as improved excluded volume HRG (IEHRG). [ Fig. 1(a) ] shows the pressure (normalized to T 4 ) in EHRG and IEHRG model. We note that the pressure rise more rapidly in IEHRG than EHRG. As mentioned earlier, all the thermodynamical quantities are smaller in excluded volume HRG models than that in HRG model due to the suppression factor (Γ −1 ). Also in the constant volume EHRG model for sufficiently high value of the hardcore radius, all the thermodynamical quantities are strongly suppressed at high temperature (see Fig. (2) ). The excluded volume approach was originally devised to suppress the artificially large total particle number densities obtained in HRG model at the chemical freeze-out [7] . Despite its success in reproducing the correct results for total particle densities at chemical freeze-out, large suppression of the thermodynamical quantities at high temperature become serious flaw of this model. We note from Fig. (2) that scaled pressure decreases above T=0.150 GeV. As has been noted in Ref. [4] this behavior is the first indicative of acausal behavior in excluded volume models. [ Fig. 1(b) ] shows the scaled energy density in EHRG and IEHRG model. Again we note that the energy density rises more rapidly in IEHRG than in EHRG.
[ Fig. 3(a) ] shows the scaled interaction measure (trace anomaly) in EHRG and IEHRG model. We note that while in EHRG interaction measure decreases at high temperature, in IEHRG it rises very rapidly at high temperatures. Such rapid rise has also been observed in HRG model extended to account for repulsive interaction via excluded volume correction and Hagedorn exponentially rising density of states [16] . Thus, as we pointed out in our previous work [23] , the effects of Hagedorn density of states can be alternatively simulated by the EHRG with temperature and density dependent hadron masses. [ Fig. 3(b) ] shows scaled entropy density in two models. We note that the entropy density rises more rapidly in IEHRG than in EHRG. This behavior of the entropy density plays crucial role in the behavior of the sound velocity as shown in Fig. (5) where we note that the sound velocity in IEHRG is smaller than that in EHRG. Sound wave is nothing but uniform compressions and expansions that propagate through medium with certain speed. In the compression or expansion, the thermodynamic system goes out of its equilibrium state and hence the internal processes set up in the system which try to restore the equilibrium. But the restoration processes which tries to bring the system towards equilibrium are not reversible whence accompanied by entropy production and energy dissipation. Greater the entropy production, less rapidly the local disturbances travel through the medium i.e smaller the speed of sound. Thus, more rapid rise of entropy density in IEHRG makes speed of sound smaller than in EHRG.
Observation that all the thermodynamical quantities in IEHRG are numerically larger than in EHRG can be attributed to two factors. One is the Boltzmann factor Exp(−M (T, µ)/T ) and other is the suppression factor Γ −1 . Boltzmann factor is a measure of probability that a given hadron is thermally excited at given T and µ and thus making contribution to the thermodynamical quantities at that T and µ. In IEHRG model, masses of all but light mesons (π, K, η) decreases with temperature (and chemical potential) [23] . Thus hadrons are excited more abundantly and easily in IEHRG than in EHRG where the hadron masses are constant independent of T and µ. Besides, at given T and µ, the suppression factor is always less than one and keep on decreasing with temperature because as the temperature increases, more and more hadrons are thermally excited occupying more and more system volume due to their finite size. Contrary to EHRG case, although the hadrons are produced more abundantly with T in IHRG, their hardcore radius is also depends on T and in fact it decreases with T due to our mass dependent parametrization of the proper volume which in turn depends on T and µ. This effect can be noted from Fig. (4) which shows the scaled pressure in EHRG with T and µ dependent hadron masses and the mass dependent proper volume (IEHRG) as well as EHRG with T and µ dependent hadron mases but with the constant proper volume. We note that the scaled pressure is smaller with constant proper volume than that of IEHRG. This is the reflection the fact that the suppression factor decreases more leisurely in IEHRG than that in EHRG. Fig. (5) shows behavior of speed of sound in EHRG and IEHRG. We note that the sound velocity computed within IEHRG agrees with the lattice quantum chromoynamics [33] quit well over wide range of temperatures. We further note that although the general behavior of C s 2 is same in two models at low temperatures, it differs quit significantly at high temperatures. In EHRG sound velocity rises very rapidly while it flattens out in IEHRG at high temperatures. As it has been pointed out in Ref. [4] , such large and steady rise in sound velocity is sufficient to indicate the acausal behavior typical of all excluded volume models. This acausal behavior of sound speed in excluded volume is not difficult to understand. Physically, the speed of sound is a measure of the efficiency of the medium to propagate the small disturbances as a longitudinal wave. In excluded volume models at low temperatures and low density where the system is dominated by light mesons, gas of hadrons can be treated as an compressible fluid which renders small and finite value of the speed of sound. While at high temperatures and baryon densities, huge number of hadrons are thermally excited which tends to occupy the system volume more due to their finite size. Thus, at high temperatures and densities the gas of hadrons approach towards its incompressible liquid phase where the compressibility of the gas of hadrons approaches close to zero due to their close packing. Since speed of sound is inversely proportional to the compressibility, it start to diverges and even exceeds the speed of light whence violating causality. In contrast, although the hadrons are abundantly excited thermally in IEHRG model, their hardcore radius decreases with temperature due to our mass dependent parametrization of the proper volume. Whence, at high temperatures the gas of hadrons still remains compressible thus avoiding liquid-gas phase transition which renders small and finite value of sound speed.
V. SUMMARY AND CONCLUSION
In present work, we suggested the possibility of curing the acausal behavior of the sound velocity in excluded volume HRG models by improving EHRG models which accounts for temperature and density dependent hadrons masses. We use Nambu-Jona-Lasinio model to obtain T and µ dependence of constituent quarks and light mesons. For heavier hadrons we use linear scaling rule in terms of constituent quarks. All the thermodynamical quantities in IEHRG are numerically larger than that in EHRG. This observation is attributed to two factors, viz., Boltzmann factor Exp−(M (T, µ)/T ) and suppression factor Γ −1 . Due to temperature and density dependent hadrons masses which actually decreases with these external parameters, hadrons are abundantly and easily excited at high temperature while simultaneously the suppression factor decreases less rapidly from one than that in EHRG model. By and by, all these effects are reflected in sound velocity where we found that the it flattens out at high temperatures in improved excluded volume HRG (EIHRG) whereas it rises very rapidly in normal excluded volume HRG(EHRG). The flattening of sound velocity may be attributed to the fact that the proper volume parameter in our model decreases as temperature and density increases whence avoiding the possible liquid-gas phase transition.
